We simulate recoiling black hole trajectories from z = 20 to z = 0 in dark matter halos, quantifying how parameter choices affect escape velocities. These choices include the strength of dynamical friction, the presence of stars and gas, the accelerating expansion of the universe (Hubble acceleration), host halo accretion and motion, and seed black hole mass. ΛCDM halo accretion increases escape velocities by up to 0.6 dex and significantly shortens return timescales compared to non-accreting cases. Other parameters change orbit damping rates but have subdominant effects on escape velocities; dynamical friction is weak at halo escape velocities, even for extreme parameter values. We present formulae for black hole escape velocities as a function of host halo mass and redshift. Finally, we discuss how these findings affect black hole mass assembly as well as minimum stellar and halo masses necessary to retain supermassive black holes.
INTRODUCTION
At z = 0, supermassive black holes (SMBHs) have been found in nearly every galaxy, with masses ranging from 10 4 M to 10 10 M (Kormendy & Ho 2013; Miller et al. 2015) . SMBH masses correlate with host galaxy properties such as velocity dispersion, luminosity, and bulge mass (Häring & Rix 2004; Heckman & Kauffmann 2011; McConnell & Ma 2013) . Additionally, as far as z = 6 there is strong similarity between both the cosmic star formation rate and total AGN luminosity and the black hole and stellar mass densities (Madau & Dickinson 2014; Schindler et al. 2016 ). Many authors interpret these correlations as evidence for the coevolution of SMBHs and their hosts.
Bright quasars with inferred SMBH masses of ∼10 9 −10 10 M have been detected as early as z ≈ 7 in the Sloan Digital Sky Survey (SDSS; Fan et al. 2001; Jiang et al. 2007; De Rosa et al. 2011; Mortlock et al. 2011; Wu et al. 2015; Wang et al. 2015) . These observations suggest that SMBHs can rapidly build up their masses in the ≈1 Gyr between the formation of the first stars and galaxies near z ∼30 and z ≈ 7. E-mail: nchoksi@berkeley.edu † E-mail: behroozi@berkeley.edu How SMBHs formed and quickly assembled their masses remains an open question. Current hypotheses for SMBH formation suggest that they begin as seed black holes through one of two mechanisms: as the ∼10 2 M remnant of a Population III star, or as the ∼10 5 M result of the direct collapse of a cloud of pristine gas (Heger et al. 2003; Volonteri 2012 ). The latter route is possible only through the collapse of gas clouds that cannot cool by metal-line emission or molecular hydrogen and are therefore unable to fragment (Omukai et al. 2008) . Such conditions might arise in the early universe (z 10) when metals are still scarce and a UV ionizing background is present to dissociate any H 2 molecules (Bromm & Loeb 2003; Shang et al. 2010; Valiante et al. 2016 ). These seed black holes then accrete mass at near or super-Eddington rates at early times (Volonteri & Rees 2005; Ohsuga & Mineshige 2007; Volonteri et al. 2015; Pezzulli et al. 2016) . SMBHs also grow through repeated mergers with other SMBHs following the mergers of two host galaxies, provided sufficient energy can be dissipated to coalesce the two black holes (see Milosavljević & Merritt asymmetries in the merging black holes' masses and spin orientations (Hughes et al. 2005) . The merger product receives a kick in one direction to conserve net linear momentum. The magnitude of these kicks increases with the mass ratio between the two SMBHs, with kick velocities as high as 3000 km s −1 (Campanelli et al. 2007; Baker et al. 2008 ; see Fig. 1 of Volonteri et al. (2010) for a comparison). Within the shallow potentials of small, high-redshift halos, many equal mass mergers will lead to large kicks that will displace or eject the SMBH from their host's center.
Several authors have modeled the trajectories of kicked SMBHs inside static, analytical host dark matter halos (e.g., Madau & Quataert 2004; Volonteri & Madau 2008; Tanaka & Haiman 2009 , hereafter TH09; see Fig. 1 for a typical trajectory considered in these works). In particular, previous studies have focused on the possibility that recoil effects could impede the formation of the ∼10 10 M objects suggested by observations and enhance the prospect off-nuclear AGN detection.
Other groups have used 3D hydrodynamical simulations to follow recoiling SMBHs (e.g., Sijacki et al. 2011; Blecha et al. 2016 ), yet the limited resolution of these simulations made modeling dynamical friction effects difficult. Tremmel et al. (2015) introduced a more accurate estimate for unresolved dynamical friction effects. However, they did not consider recoiling SMBHs, which are the main focus of this work.
In this paper, we adopt a hybrid approach. Rather than model halos derived from either semi-analytic merger trees or cosmological simulations, we employ analytical formulae for halo density profiles and dynamical friction, but also include effects previously captured mostly in hydrodynamic simulations -i.e., host halo accretion and motion as well as Hubble acceleration. A preliminary step in this direction occured with Smole (2015) , who considered the effect of analytical accretion rates for a restricted range of halos. Here, we explore a large parameter space of halo properties and quantify how these affect SMBH escape velocities, and similarly consider effects of varying dynamical friction strength and seed black hole masses.
Our method for following recoiling SMBHs is described in §2. Results for how parameter choices affect SMBH trajectories, including fits for escape velocities as a function of host mass and redshift, are in §3. Lastly, §4 summarizes and discusses key results.
Throughout, we use M h to denote the SMBH's host halo mass (using the virial overdensity definition of Bryan & Norman 1998) , and M • to refer to the mass of the black hole. We adopt a flat ΛCDM cosmology, with Ω M = 0.309, h = 0.678, n s = 0.968, σ 8 = 0.816, f b = 0.158 (Planck Collaboration et al. 2015) .
METHODOLOGY

Host halo potential
We model the SMBH's host as a spherically symmetric potential composed of a dark matter halo and superimposed baryonic profile. The dark matter is distributed in a pure NFW profile (Navarro et al. 1997) . The variation in halo concentration with host halo mass is well-described by a power law: Using results from Diemer & Kravtsov (2015) , we fit c 0 (z) and α(z) as:
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upon which we impose a minimum value of c = 3. Comparison of our fit with direct results from Diemer & Kravtsov (2015) are shown in Fig. 2 . The host will also grow, both through mergers with other halos as well as through smooth accretion from the intergalactic medium (IGM). As discussed in §1, halo growth has previously been modeled only in hydrodynamic simulations and Smole (2015) . An alternative approach is to instead apply an average mass accretion rate, M h (M h , z), for which Behroozi & Silk (2015) derived a fitting function using halos in the Bolshoi and Bolshoi-Planck simulations ( Fig. 3 ; Klypin et al. 2011; Klypin et al. 2016) . We examine recoils in a range of halo masses that will grow into 10 10 M to 10 15 M Mass assembly histories of 10 7 -10 8 M halos starting at z = 20, using accretion rates from Behroozi & Silk (2015) .
halos at z = 0, beginning at z = 20 when the first SMBH seeds are expected to form. We consider two types of baryon distributions. The total baryonic mass in the host is given by f b M h . We begin by assuming all of the host's baryonic mass is gaseous, following an r −2.2 density profile with a 1 pc central core of constant density. At high redshifts this is a reasonable assumption, as very few stars have formed. However, we also consider a more realistic model in which the host's stellar mass is set through the stellar mass-halo mass relation given by Behroozi et al. (2013c) , in a Hernquist (1990) profile with half-mass radius R 1/2 = .01R vir (Somerville et al. 2017 ). Any remaining baryons are then added to the galaxy's gas mass. We discuss the effects of alternate density profiles (both DM and baryonic) in Appendix A1.
Equation of Motion
A recoiling SMBH oscillates within its host's potential, governed by the equation of motion:
The first two terms on the right hand side are the accelerations due to gravity and dynamical friction respectively. The third term gives the change in velocity due to accretion onto the black hole, which causes a decrease in speed to conserve linear momentum. The final term gives the Hubble acceleration, where x is the position of the black hole, and the origin is taken at the center of the host halo. At the initial recoil redshift, we give the SMBH a radial kick outward from the center of the host (x = 0). We then numerically integrate Eq. 4 using leapfrog integration and a time step of 1000 years. We examine recoiling SMBH behaviour for a range of kicks, up to the escape velocity of the halo.
Dynamical Friction
As a kicked SMBH travels through its host halo, it experiences a drag force due to dynamical friction (DF). The DF acceleration has contributions from both collisionless (dark matter and stars) and collisional (gaseous) material in the surrounding medium. For an SMBH moving at speed v, the collisionless component is given by the standard Chandrasekhar formula (Binney & Tremaine 1987) :
ρ(x) is the sum of dark matter and stellar densities at the BH's position. σ D M is the local dark matter velocity dispersion, but varies little over the entire radius of the host. We therefore follow TH09 and use a simplified prescription for a singular isothermal sphere (SIS), σ D M = GM/2R vir . The Coulomb logarithm, ln Λ, is not precisely known but is generally taken in the range 2-4 (Escala et al. 2004; Gualandris & Merritt 2008) . We approximate ln Λ as:
and fiducially adopt ln Λ = 2.3, corresponding to M h = 10 8 M and M • = 10 5 M in Eq. 7; alternate values ranging from ln Λ = 2 to 20 do not affect the results ( §3.1).
The DF due to the surrounding gaseous medium is more complicated. Because gas is collisional, it can cool and a larger wake can form behind a traveling SMBH, amplifying the standard DF force. Ostriker (1999) derived an analytical formula for this effect. However, this formula overestimates the drag force at subsonic velocities (TH09). Escala et al. (2004) investigated this problem using numerical simulations and fit a modified prescription of the Ostriker formula by taking a variable value of the Coulomb logarithm. Defining M as the Mach number (≡ |v|/c s ), they reduce the drag force by a factor of 2 at M < 0.8, but increase the drag by a factor of 1.5 at M > 0.8. However, the Escala formula overestimates the amplification for highly supersonic speeds (TH09). We therefore follow TH09 and adopt a hybrid prescription, using the Escala prescription for M < M eq and and the Ostriker prescription for M > M eq , where M eq is the Mach number where the two prescriptions predict the same value for the drag force (here, ≈ 1.7) The resulting DF acceleration is given by:
with
The value of f (M ) depends on the local sound speed, c s , which in turn depends on the local temperature. However, c s is always less than half the SMBH escape velocity, even at high z. For M > 2, f (M ) ≈ ln Λ. Furthermore, numerical simulations show that the temperature inside the halo should vary by at most a factor of ≈ 3 (Machacek et al. 2001) . The sound speed scales as √ T, so c s should vary no more than a factor of two over the entire halo. We therefore do not compute an explicit temperature gradient. Instead, we adopt the prescription of TH09 and assume the entire halo to be isothermal at the virial temperature. c s (M h , z) is then:
Accretion onto the SMBH
As the SMBH accretes from the surrounding medium, its speed decreases to conserve linear momentum. We again follow TH09 and assume the SMBH undergoes Bondi-Hoyle-Littleton (BHL) accretion, given by Bondi & Hoyle (1944) as:
We cap accretion at the Eddington luminosity, given by:
where is the radiative efficiency of the SMBH, generally taken as 0.1, and t Edd = 440 Myr gives the e-folding time for a black hole accreting at the Eddington rate. BHL accretion overestimates growth at later times due to local gas depletion and self-regulating feedback (Somerville & Davé 2015) . Additionally, as discussed in §1, many authors have suggested that super-Eddington accretion rates are possible. However, when a recoiling SMBH is displaced from the center of its host, accretion rates are negligible and only approach the Eddington limit for short periods as the SMBH passes through the center. So, accretion plays only a minor role in shaping recoil trajectories and the BHL formalism is a sufficient approximation prior to return.
Cosmological acceleration
An SMBH displaced from the center of its host halo will have an effective acceleration from cosmological expansion given by −qH 2 xx, where q ≡ − aa a 2 (Nandra et al. 2012) . Both q and H evolve with time. Prior to a ∼ 0.6 (z ∼ 0.68), cosmological expansion decelerates, causing the SMBH to accelerate back towards the center of the halo. Afterwards, the expansion accelerates due to the increasing fraction of dark energy (see Fig. 6 for the evolution of −qH 2 ), at which point the black hole accelerates away from the center of the host.
Dark matter simulations and host halo motions
To test the effects of host-halo motion, we use halos from BolshoiPlanck, a dark matter-only simulation within a 250 Mpc h −1 comoving, periodic box (Klypin et al. 2016) . Halos in the simulation were identified using the code and merger trees were constructed using (Behroozi et al. 2013a; Behroozi et al. 2013b; Rodríguez-Puebla et al. 2016a) . Bolshoi-Planck adopts Ω M = 0.307, h = 0.678, n s = 0.96, σ 8 = 0.823, f b = 0.156, very similar to the parameters in our main analysis.
To estimate the magnitude of the effect caused by movement of the host halo, we choose several z = 0 halos from the simulation. We then use the peculiar velocities of the halos along the main progenitor branch (MPB) of the chosen halo to track the movement of the host. When the SMBH is kicked, its velocity is decoupled from that of its host. However, bulk external accelerations affect both the host and the SMBH. To cancel this motion, at each simulation output we subtract from the host halo's peculiar velocity the massweighted average of the peculiar velocities of all other halos in its progenitor history (v host = v MPB − v progenitors ) and spline interpolate at intermediate times. 
RESULTS
We consider the effect of several parameters on recoiling SMBH trajectories and escape velocities. Throughout, we define the escape velocity as the minimum kick required such that the apocenter of the SMBH's orbit remains outside 0.1R vir after a given amount of time. Specifically, we consider the cases where the SMBH has until z = 0, until z = 6, and after 10% the age of the universe at the time of the kick (i.e., until 1.1t kick ) to satisfy this criterion. In §3.1 and §3.2, we examine the relatively minor effects of varying the Coulomb logarithm and including Hubble acceleration. In §3.3 we add accretion onto the host halo. This quickly damps the orbits of recoiling SMBHs and makes permanent escape far more difficult. §3.4 examines the effect of including stars in the host halo. §3.5 considers variations in the mass of the recoiling SMBH. §3.6 examines the trajectories of SMBHs kicked from inside cosmological halos. §3.7 considers varying the redshift at which the kick occurs. Finally, §3.8 provides formulae for escape velocities as a function of host halo mass and redshift. Throughout, we adopt ln Λ = 2.3, M • = 10 5 M , and assume the kick occurs at z = 20 unless otherwise specified.
Sensitivity to the Coulomb Logarithm
The overall shape of SMBH orbits remains unchanged when varying the Coulomb logarithm, with increases in ln Λ mainly leading to faster return to center because dynamical friction (DF) forces are stronger (Fig. 4) .
At typical halo escape velocities, DF is subdominant to gravitational acceleration (Fig. 5) . For X ≡ v/σ 2 (a reasonable assumption for escape velocities; see Fig. 9 ), terms with X in Eq. 6 are negligible:
Approximating the NFW profile as an isothermal power-law, i.e., ρ(r) = ρ 0 r −2 , we can write the ratio of accelerations as:
where C 1 and C 2 are constants of order unity and the last line follows . The Hubble acceleration is negligible at all times. The figure shows the ratio of the gravitational to cosmological acceleration (qH 2 x), evaluated at the virial radius of a 10 8 M halo, as a function of redshift. q changes sign at at z ≈ .675. Before this time, the universe is decelerating (q > 0) and the Hubble acceleration points towards the center of the halo.
because M h (r) ≈ 4 3 π ρ 0 r. The second term in Eq. 15 is 1 for all but very small radii or M • ∼ M h . As a result, |a g /a DF | 1, and the escape velocity is not sensitive to the value of ln Λ and for most cases of interest DF gradually damps orbital energy from the SMBH over multiple orbits, as in Fig. 4 . Instead, the key factors influencing escape velocities are the depth of the halo potential well and its growth over time (Fig. 7) .
Trajectories in an accelerating universe
Gravitational forces from the dark matter halo always dominate over the Hubble acceleration (Fig. 6) , so the latter only marginally affects SMBH orbits. For q > 0 (decelerating universe), the returnto-center time for most kicks decreases by up to a few percent. The effect's importance increases as V kick approaches V esc , as larger kicks can escape to larger radii where the Hubble acceleration is stronger relative to gravity. However, the change in escape velocity is negligible: for kicks at z = 20, V esc increases at most 0.01 dex (Fig. 7) . . SMBH trajectories in an accreting and non-accreting halo for SMBHs kicked at z = 20. For the 10 2 M non-accreting case, DF effects are so small that the BH's orbit shows almost no decay. In the accreting case, the asymmetry of the first peak is due to DF, which peaks for v ≈ σ D M .
Host halo accretion
Accretion onto the host halo significantly alters the orbits of recoiling SMBHs (Fig. 8) . Accretion onto the host brings the SMBH back to the center faster and makes escape to large radii harder. At high redshift the effect of halo accretion is more pronounced because halos are increasing in mass quickly. For example, in the 100 Myr the 10 5 M SMBH in Fig. 8 oscillates inside its host, M h increases by ≈1 dex (Fig. 3) . From Fig. 8 it is also clear that host halo accretion is especially important for low mass SMBH seeds because DF is not effective at dissipating energy in this regime. Finally, the effect of host accretion becomes more noticeable as V kick approaches the escape velocity, because larger kicks have more energy and take longer to have their energy dissipated, allowing more time for the halo to grow. Allowing the host halo to accrete mass significantly increases SMBH escape velocities (Fig. 9) . When return is required by z = 6, SMBH escape velocities from accreting halos are ≈0.1 dex higher than the case without halo accretion. When we relax this requirement such that the SMBH must return by z = 0, the escape velocity Return by z = 0 Accretion on (gas and stars) Accretion on (gas only) Accretion off (gas only)
11.7 12.3 12.9 13.6 log 10 (M h (z = 0)/M ) Figure 9 . Velocity needed to escape accreting and non-accreting halos, with return to the host required by z = 6 (upper panel) and z = 0 (lower panel). The kick is given at z = 20 and stellar masses are set by the stellar mass-halo mass relation. Although highly centrally concentrated, stars do not significantly affect escape velocities because their dynamical friction effects are small at high velocities ( §3.1).
increases by up to 0.6 dex compared to the case without halo accretion. Alternate halo accretion rates (e.g., Rodríguez-Puebla et al. 2016b) do not significantly affect these results.
Baryon Distribution
We find that the inclusion of stars in the host halo makes it harder for the SMBH to reach large radii (see Fig. 10 ). This dampening results from the distribution of stars inside of the host: the stellar density is large at small radii, but drops off quickly. As a result, a significant amount of the black hole's energy can be dissipated through dynamical friction while it travels through the central regions of the halo. The stellar profile does not, however, have a significant effect on SMBH escape velocities. As dynamical friction forces go to zero at high velocities, the central stellar densities do not significantly decrease the total energy of the black hole. 
Seed black hole mass
Because the precise mechanism for the formation of seed black holes is unknown, we calculate the escape velocities at the extremes of SMBH seed masses: 10 2 M , the remnants of Population III stars, and 10 6 M , the upper limit generally placed on black holes formed through direct-collapse of pristine gas. We find the difference in escape velocities to be at most 0.27 dex for M h = 10 7 M . At M h = 10 8 M , this difference decreases to 0.02 dex (Fig.  11) . Even over 8 dex in M • (corresponding to M • = 10 2 M and M • = 10 10 M ), we find the escape velocity changes by at most 0.8 dex at M h ∼10 11 M , and decreases to a 0.15 dex change for M h ∼10 14.5 M . Regardless of the seed mass, an SMBH kicked near the escape velocity will grow negligibly. For kicks near V esc , the SMBH will spend most of its orbit at large radii, outside of the center of its host where large accretion rates are possible. As a result, V esc decreases by only ≈.01 dex when BH accretion is turned off.
The insensitivity to SMBH mass follows from the same logic that explains the insensitivity of V esc to ln Λ (see Eq. 15): at high velocities, dynamical friction forces are small, except for the case M • ∼ M h . Furthermore, when return is required by z = 0, halo mass and accretion dominate over other effects in determining V esc . Sijacki et al. (2011) suggested host halo motions could be a significant impediment to the return of recoiling SMBHs. We therefore allow both the host halo and the SMBH to move, following the method outlined in §2. Here, we follow the mass accretion histories directly from Bolshoi-Planck rather than using the average mass accretion histories used throughout the rest of this work. Unsurprisingly, we find that a host halo that is allowed to move can significantly impact the return times of kicked SMBHs, as the SMBH must continually catch up with the host (Fig. 12) .
Host halo motions
We also compute escape velocities for several halos (all > 10 12 M at z = 0) in Bolshoi-Planck (Fig. 13) . On average, we find escape velocities only decrease by ≈0.05 dex. However, in some cases, if the host's motion coincides with the direction of the kick, V esc may increase slightly. Although host motion significantly affects the shape of recoil trajectories, it has only a minor effect on escape velocities because host peculiar motions are typically much smaller than V esc (especially at lower redshift). Instead, host motions cause the SMBH to spend significant time oscillating within 0.1R vir , but at this point we consider the SMBH to have "returned", following the criteria discussed in §3.
Varying kick redshifts
Because recoil events can occur up to z = 0, we examine how recoiling SMBH behavior changes with redshift. Fig. 14 gives escape velocities over a range of z = 0 halo masses for kicks imparted at several redshifts. It is easier for the black hole to escape at higher redshifts than at lower redshifts for the same z = 0 halo mass because at later times the SMBH must climb out of a steeper potential well. At very low redshifts (z 0.5) we observe a small downturn in the z = 0 escape velocities. This is simply because SMBHs kicked at lower redshifts have less time to return to their host-i.e., the SMBH may be on a bound trajectory at z = 0 but has not yet returned to within 1 10 R vir . Over all redshifts, the escape velocity Return by z = 0
Host motion off Host motion on Figure 13 . Velocity needed to escape the halo, with return required by z = 0, for several cosmologically moving and at-rest halos. The kick is given at the first appearance of the halo's main progenitor (in all cases between z = 6 and z = 12). The range of z = 0 halo masses is 10 12 M < M h < 10 14.5 M . . Velocity needed to escape the halo, with return required by z = 0, for a 10 5 M SMBH in an accreting halo at different redshifts over a range of z = 0 halo masses. Deviations from power-law behavior are mostly due to the shape of the stellar mass-halo mass relation. The velocity needed to escape is higher at lower redshift because the host has increased in mass.
follows the halo mass in a near power-law, with small deviations due to the shape of the stellar mass-halo mass relation. We also compare escape velocities across redshifts for the same initial host halo mass. In this case, it easiest for the SMBH to escape at lower redshifts. This is partially because of the changing definition of halo mass with redshift; a higher-redshift halo at fixed mass will have a higher circular velocity and thus a larger escape velocity. Additionally, average halo mass accretion rates decrease monotonically with time at fixed halo mass. So, an SMBH kicked at a lower redshift moves in a potential that deepens more slowly than if the kick occurred at higher redshift.
Formulae for escape velocities
Here we fit escape velocities for kicked SMBHs as a function of host mass and redshift, V esc (M h , z) for an accreting host halo with stellar mass set by the stellar mass-halo mass relation, the Hubble acceleration turned on, and ln Λ = 2.3. We set M • using the M bulge − M • relation given by Häring & Rix (2004) and fit the following average M bulge − M * relation from data in Bruce et al. (2014) and Mendel et al. (2014) :
1 + exp −1.13 log 10
As discussed in §3. We provide fits for two definitions of V esc : return to within 0.1R vir by either z = 0 or within 10% the age of the universe at the time of the kick. We find that single power-law fits describe the host halo mass variation well:
In both cases, V 0 (z) and α(z) are well-described by polynomials. The best fit for z = 0 return is:
For return within 1 10 t kick , V 0 and α evolve as:
Comparison of these fits to our results is shown in Fig. 15 .
DISCUSSION & CONCLUSIONS
Our main findings for supermassive black hole (SMBH) escape velocities, summarized in Table 1 , are:
(i) Accretion onto the host halo significantly changes the orbits of kicked SMBHs due to the rapid increase in the mass of the host at high redshift compared to the non-accreting case. When return is required by z = 6, the escape velocity increases by ≈0.1 dex. For return by z = 0, the increase is ≈ 0.3 to 0.6 dex. In determining V esc , host halo accretion and mass dominate over all other factors. (ii) Seed mass for SMBHs modestly affects SMBH escape velocities, with the greatest difference occurring in low mass halos. At z = 20 and M h ∼ 10 7 M the escape velocity of 10 2 and 10 6 M SMBHs differs by ≈ 0.3 dex.
(iii) SMBH trajectories are sensitive to the exact baryon distribution within the host. A host galaxy with stars damps the orbits of SMBHs due to the high central stellar densities, in agreement with Madau & Quataert (2004) . However, even when stars are included, SMBH escape velocities increase by 0.01 dex.
(iv) Cosmological motion of the host halo relative to the SMBH trajectory generally makes escape from the host easier. When the host is allowed to move it can take much longer for the SMBH to return to the host. The change in escape velocity differs between halos, but on average we find host motion leads to a decrease of ≈0.05 dex.
(v) Including the Hubble acceleration leads to almost no changes in the orbit of the SMBH and increases escape velocities by at most ≈ 0.01 dex.
(vi) For a fixed initial halo mass, escape from the host is easier at lower redshift because mass accretion rates decrease with cosmic time and the evolving mass definition yields a shallower potential at lower z for fixed M h . For a fixed final halo mass, escape from the host is easier at higher redshift, because at lower redshift the host will be more massive and the SMBH must climb out of a deeper potential well.
From these results, several observations follow:
(i) The rapid mass buildup of (at least a few) SMBHs has been a challenging theoretical problem. In part, this was due to the belief that recoil events could prevent mass growth for a large fraction of the ≈1 Gyr between SMBH formation and z ∼ 6 (Haiman 2004; Shapiro 2005; TH09) . The dampening of recoil trajectories due to accretion onto the host partially mitigates this problem. SMBHs kicked in accreting halos will return to the center far quicker, enabling more continuous mass growth.
(ii) SMBH recoil velocities increase with the mass ratio between the two merging black holes, and can reach up to 3000 km s −1 when the two black holes have randomly-oriented spins. At the very high redshifts at which seed SMBHs are hypothesized to form, such kicks are enough to permanently eject black holes from their relatively low-mass host halos (see Fig. 14) . At z = 20, the escape velocity from a 10 7 M halo (which grows into a ∼10 12 M halo by z = 0) is ≈ 100 km s −1 . This problem is exacerbated if the BH seed is a ≈ 10 2 M Population III star remnant that is constrained to subEddington accretion. However, spin-aligned mergers rarely undergo kicks much larger than 300 km s −1 (Campanelli et al. 2007 ). This suggests that merging black holes may have their spins aligned; if this were not the case, many mergers would lead to complete ejection from the host (even at redshifts as low as z∼6). Bogdanović et al. (2007) argue this scenario is possible through external torques that align the spins of the progenitors before the merger.
(iii) Gravitational recoil should affect the distribution of SMBHs in galaxies (Redmount & Rees 1989) . Regardless of the exact formation time or mechanism of seed SMBHs, some small galaxies in the z = 0 universe should lack central black holes as a result of recoils (Fig. 16) . In other cases, subsequent halo mergers may replace the central SMBH. Because the halo potential will be deeper at later times, the new SMBH will be more difficult to eject (see Volonteri 2007 for SMBH occupation fraction predictions). However, small galaxies undergo fewer mergers (∼ 0.1/Gyr for M * ∼ 10 8 M ), and hence may retain their central SMBHs formed at early epochs (Casteels et al. 2014) . Observational constraints are difficult, but Miller et al. (2015) conclude that > 20% of nearby early-type galaxies with M * < 10 10 M (corresponding to M h 10 11.5 M ) host a central black hole. This result is not inconsistent with our findings, but also does not verify them; further observational studies are required to probe the occupation fractions of low mass galaxies.
(iv) Because smaller hosts cannot effectively keep SMBHs in their centers after a recoil, SMBHs in low mass hosts are more likely to spend significant amounts of time outside of their host's center, unable to either accrete or provide feedback to the surrounding system, thus decoupling the growth of the SMBH from that of its host. SMBHs temporarily ejected from such low mass hosts may then be captured by a nearby more massive halo (Sijacki et al. 2011) . Unfortunately, return timescales for recoiling SMBHs are sensitive to many uncertain parameters and depend strongly on the magnitude of the recoil kick, so quantifying this effect is difficult. However, in keeping with predictions of Volonteri (2007) , these results suggest increased scatter in the low mass end of the various SMBH-host galaxy scaling relations. While still controversial, McConnell & Ma (2013) find some evidence in both the M • − σ and M • − L relations for this effect.
(v) AGN luminosity functions (LFs) are available to z ∼ 6 (Fan et al. 2001; Vito et al. 2016) . If SMBH mergers are common, recoil events should cause a sharp drop in AGN luminosities at higher redshifts because recoiling SMBHs will continually be ejected from the centers of their hosts (at least until typical escape velocities are much larger than typical recoil velocities). In this case, recoiling SMBHs would be problematic for cosmic reionization via quasars, as proposed by Madau & Haardt (2015) . However, Volonteri & Rees (2006) predict gravitational recoil to have only minor effects on the z ∼ 6 LF because SMBH mergers in low mass hosts are rare (for further discussion see Volonteri 2007 and Quataert 2004) . The Wide Field Infrared Survey Telescope (WFIRST) should be able to probe AGN luminosity functions to z 6 to test this scenario.
(vi) Off-nuclear AGN have been proposed as a possible consequence of recoiling SMBHs. Such objects are possible if the SMBH can carry its accretion disk with it as it passes through its host, and is dependent upon the amount of baryonic material available within a radius ∼ GM • /V 2 kick of the host's center. From this, Volonteri & Madau (2008) predict between 1 and 30 off-nuclear AGN per deg 2 . Using hydrodynamical simulations, Blecha et al. (2016) predict (depending on assumptions for SMBH spin alignment) between < 1 and ∼ 10 per deg 2 offset AGN. In the past decade, there has been a growing body of evidence for the existence of off-nuclear AGN (Komossa et al. 2008; Barrows et al. 2016; Chiaberge et al. 2016; Kim et al. 2016; Makarov et al. 2017) .
(vii) For 5 < z < 40, TH09 find V esc ≈ (5 − 8) × σ SI S , where σ SI S = GM h /2R vir , for return to inside 0.1R vir within 10% of the Hubble time. For identical return criteria, we find this range overestimates V esc by ≈ 0.2 dex at high redshift (z 2). While TH09 do not compute V esc (z < 5), the (5 − 8) × σ SI S range is more accurate at lower redshift (z 2) (Fig. 17) . As TH09 use a very similar method, we have investigated the apparent discrepancy at z > 5. We have verified that our numerical calculations agree with the analytic solution for V esc in the absence of dynamical friction (e.g., escape velocity of 70 km s −1 for a non-accreting 10 8 M halo at z = 20); given that dynamical friction is very subdominant to gravitational forces near the escape velocity ( §2.3), the significant difference between the TH09 results and the analytic (no dynamical friction) solution is somewhat unexpected.
(viii) Smole (2015) studied recoiling SMBHs in an evolving potential using an average halo accretion rate for the specific cases of two DM-only halos with z = 0 masses of 10 12 M and 2 · 10 13 M (their "Halo 1" and "Halo 2" respectively). Based on the assumption that gaseous dynamical friction forces are very strong near the center of the host halo, in their model if the SMBH passed through the center of the host it was assumed to instantaneously lose all momentum and stay there; they then define the "critical velocity" as the kick needed such that the SMBH never returns to pass through the host's center. Using this return criterion and the same potential (i.e., DM-only, cosmologically accreting halos), we compare our computed values for the critical velocity. For Halo 1, they find V crit =300 km s −1 and 500 km s −1 at z = 7 and z = 1 respectively, in excellent agreement with our values of 305 s −1 and 450 km s −1 . For Halo 2 they find V crit = 725 km s −1 and 1200 km s −1 , ≈ 0.1 dex larger than our values of 500 km s −1 and 1000 km s −1 at z = 7 and z = 1. The remaining differences may be due to variations in either the adopted halo concentrations or halo growth histories.
APPENDIX A: APPENDIX
A1 Alternate density profiles
SMBHs will merge following the mergers of their host halos. Halo mergers will increase the host's central potential for ≈1 dynamical time after the merger. A typical 1:3 major merger will lead to an ∼10% increase in the maximum circular velocity (v max ) of the halo (Behroozi et al. 2014) . The initial and final concentrations are related by:
At z ∼ 20, the concentration varies only weakly with halo mass and c ≈ 3 for all halos. Eq. A1 yields c ≈ 6.7 after the merger. However, we find only a minor change of 0.1 dex increase in escape velocities (Fig. A1 ).
Mergers will also funnel gas to the center of the halo, increasing the central gas density. Alternatively, halos are susceptible to feedback creating a shallower central gas density profile. We therefore test power-law gas profiles, ρ(r) = ρ 0 r −n , with n ranging from -1 to -3, as well as different sizes for the central gas cores (Fig. A1) . We find significantly different behaviour for n 2 and n 2. In Return by 0.1t kick n = 1 n = 2 n = 2 n = 2 n = 3 11.7 12.3 12.9 13.6 log 10 (M h (z = 0)/M ) Figure A1 . Effect of variations in the DM and gas density profiles. At z = 20, the NFW concentration is c ≈ 3 for all halos. Immediately after a major merger the halo concentration increases to c ≈ 6.7, leading to 0.1 dex increase in the velocity needed to escape. Increasing the size of the gas core from 1 pc (fiducial value) to .036R vir (≈ 25 pc for M h = 10 8 M ) has similarly minor effects on V esc . However, the escape velocity is sensitive to variations in the power-law index n of the gas profile (ρ(r) = ρ 0 r −n ) in the range n = 2 to n = 3. z Figure A2 . SMBH trajectories for different gas profiles. Increasing the size of the gas core has little effect on the shape of the orbit. The largest change occurs for variations in the power-law index n (ρ(r) = ρ 0 r −n ) in the range n = 2 to n = 3. The kick is at z = 20 with M • = 10 5 M and M h = 10 8 M .
both regimes, larger n makes escape to larger radii more difficult and increases the escape velocity (Fig. A2) . However, only minor changes in escape velocities and trajectories are observed for n 2. In contrast, the maximum radial distance achieved decreases rapidly for n 2. In this regime, the escape velocity varies by 0.4 dex. An analytic computation of the escape velocity for both n = 2 and n = 3 shows the difference is largely caused by a deeper potential due to a more concentrated gas profile. However, simulations suggest that such steep slopes are rarely achieved. E.g., Moster et al. (2012) find that n increases from ∼1.8 to ∼1.9 between the pre-merger gas profile and the profile at first coalescence of the two galaxies, thus keeping V esc well-approximated by our n = 2.2 fiducial model. Similarly, Somerville et al. (2017) find 0.25 dex scatter in the stellar half-mass radius, around the median value of .02R vir . Even at low redshift when more stars are present, including or varying the stellar profile has negligible effect on the escape velocity (Fig. A3) . However, as with the gas profile, smaller half-mass radii deepen the potential and decrease the maximum radial distance achieved by the SMBH (A4). This paper has been typeset from a T E X/L A T E X file prepared by the author.
